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NON-SYMPLECTIC INVOLUTIONS OF IRREDUCIBLE
SYMPLECTIC MANIFOLDS OF K3[n]-TYPE
MALEK JOUMAAH
Abstract. This paper is concerned with non-symplectic involutions of ir-
reducible symplectic manifolds of K3[n]-type. We will give a criterion for
deformation equivalence and use this to give a lattice-theoretic description
of all deformation types. While moduli spaces of K3[n]-type manifolds with
non-symplectic involutions are not necessarily Hausdorff, we will construct
quasi-projective moduli spaces for a certain well-behaved class of such pairs.
1. Introduction
In the last 35 years the study of automorphisms of K3 surfaces has attracted
much attention. Important results on the classification of such automorphisms
have been obtained in particular by Nikulin, Kondo, and Mukai. First of all,
any finite automorphism group G of a K3 surface S is the extension of a cyclic
group by the subgroup of G acting symplectically on S. In the abelian case, fi-
nite symplectic automorphism groups of K3 surfaces have first been classified by
Nikulin [Nik80a]. Later, Mukai [Muk88] showed that finite groups acting sym-
plectically on some K3 surface coincide with those groups admitting a certain
type of embedding into the Mathieu group M23. An independent classification
was later given by Xiao [Xia96].
Non-symplectic automorphisms have been studied by Nikulin [Nik83], Kondo
[Kon92], Oguiso–Zhang [OZ00], Artebani–Sarti–Taki [AST11], and others. For
non-symplectic involutions i : S → S, two main results are the following:
(i) The deformation type of a pair (S, i) is determined by the invariant
sublattice of the induced isometry i∗ : H2(S,Z)→ H2(S,Z). [Nik83]
(ii) For a given isometry class of an invariant sublattice M ⊂ LK3, the
corresponding moduli space is a Zariski-open subset of an arithmetic
quotient ΩM⊥/ΓM⊥ of a bounded symmetric domain, and in particular
a quasi-projective variety. [Yos04]
Irreducible symplectic manifolds are higher-dimensional analogues of K3 sur-
faces, and their automorphisms have been studied in recent years by several
authors.
Boissie`re–Nieper-Wißkirchen–Sarti [BNWS11] and Oguiso–Schro¨er [OS11] gave
examples of non-symplectic automorphisms without fixed points, and hence
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2of higher-dimensional analogues of Enriques surfaces. Classification results
have been obtained in particular for manifolds of K3[n]-type, which are 2n-
dimensional irreducible symplectic manifolds deformation equivalent to the
Hilbert scheme of n points on a K3 surface. Hoehn and Mason [HM14] general-
ized Mukai’s results on finite symplectic automorphism groups to theK3[2]-case,
and Mongardi [Mon14] classified the deformation types of K3[2]-type manifolds
with symplectic prime order automorphisms. A classification of the invariant
lattices of non-symplectic prime order automorphisms in the K3[2]-case has
been given by Boissie`re, Camere, and Sarti [BCS14]. Beauville [Bea11] started
the systematic study of non-symplectic involutions of K3[n]-type manifolds and
gave a description of their fixed loci. In the case n = 2, Mongardi and Wandel
[MW14] constructed examples realizing almost every possible invariant lattice.
In this paper we will in particular consider the moduli problem for irreducible
symplectic manifolds of K3[n]-type with non-symplectic involutions. As in the
K3 case, the key tool will be the Global Torelli theorem, which has recently
been generalized by Verbitsky to irreducible symplectic manifolds, see [Ver13],
[Mar11]. We will see, however, that in general neither of the statements (i) and
(ii) above remains true for K3[n]-type manifolds. The reason is that, unlike
K3 surfaces, higher-dimensional irreducible symplectic manifolds can possess
several birational models.
Markman [Mar11, §5] showed that the different birational models of an irre-
ducible symplectic manifold X correspond to a chamber decomposition of the
positive cone of X, which by recent results of Amerik and Verbitsky [AV14b]
is defined by hyperplanes orthogonal to a certain deformation invariant set of
divisor classes ∆(X) ⊂ H1,1(X,Z) (the definition will be given in Subsection
3.2).
If i : X → X is a non-symplectic involution and f : X 99K X˜ is a birational
model, then it can happen that the induced involution i˜ = f ◦ i◦f−1 : X˜ 99K X˜
is again biregular (see Example 9.12). If the chambers corresponding to X and
X˜ are separated by a wall D⊥ for some D ∈ ∆(X), there are two possibilities:
(a) The divisor D is invariant under i. In this case, the wall D⊥ is stable
under deformation of (X, i) and the two pairs (X, i) and (X˜, i˜) deform
(locally) into different families (see Proposition 9.3).
(b) The divisor D is not invariant under i. In this case, the wall D⊥
vanishes for a generic deformation of (X, i), and therefore (X, i) and
(X˜, i˜) deform into the same family (Proposition 10.7).
As a consequence of possibility (a), there can be more than one deformation type
of involutions, even if the invariant sublattice is fixed up to parallel transport,
rather than up to isometry. In Section 7 we will associate another invariant
to a non-symplectic involution i : X → X, the stable invariant Ka¨hler cone
K˜iX . This is a cone containing the invariant Ka¨hler cone K
i
X and consists of
classes that deform into an invariant Ka¨hler class for the generic deformation
of (X, i). In Section 9 we will show that two K3[n]-type manifolds with non-
symplectic involutions are deformation equivalent if and only if their stable
3invariant Ka¨hler cones are equivalent under parallel transport (Proposition 9.3
and Theorem 9.10).
Moreover, starting with an admissible sublattice M ⊂ Ln of the abstract
K3[n]-lattice (see Definition 6.1), we will give a lattice-theoretic description of
the deformation types of involutions of type M (Theorem 9.11). In particu-
lar, this will show that every admissible sublattice is isometric to an invariant
sublattice of a non-symplectic involution.
In Section 10 we will study moduli spaces of K3[n]-type manifolds with non-
symplectic involutions. As a consequence of possibility (b) above, a Hausdorff
(and in particular a quasi-projective) moduli space does not always exist. We
will therefore restrict to simple pairs (X, i), that is, those satisfying K˜iX = K
i
X .
We show, that non-simple pairs correspond to a divisor in the local deformation
space (Proposition 10.4) and that a quasi-projective moduli space for simple
pairs exists (Theorem 10.5).
2. Lattices
A lattice is a finitely generated free abelian group L together with a non-
degenerate symmetric bilinear form (·, ·) : L×L→ Z. The rank of L is denoted
by rk(L).
The bilinear form defines an embedding L →֒ L∗ of L into the dual lattice
L∗ := Hom(L,Z) as a finite index subgroup. The discriminant group of L is the
finite abelian group AL := L
∗/L. A lattice is called unimodular, if L = L∗, and
even, if (l, l) ∈ 2Z for every l ∈ L. We denote by U the even unimodular lattice
of signature (1, 1), and by E8(−1) the even unimodular lattice of signature
(0, 8). The rank one lattice generated by an element l such that (l, l) = k is
denoted by 〈k〉.
For any field K ∈ {Q,R,C} we consider the vector space LK := L ⊗Z K
together with the induced K-valued bilinear form. The isomorphism LQ ∼= L
∗
Q
induces a Q-valued bilinear form on the dual lattice L∗ ⊂ L∗Q
∼= LQ. For any
even lattice L, this defines a Q/2Z-valued quadratic form on the discriminant
group AL.
We denote by O(L) and O(AL) the isometry groups of L and AL, respectively.
An isometry ϕ ∈ O(L) of a lattice induces an isometry ϕ ∈ O(AL) of its
discriminant group. The stable isometry group O˜(L) is the kernel of the natural
homomorphism O(L) → O(AL). Since AL is finite, O˜(L) ⊂ O(L) is a finite
index subgroup.
Lemma 2.1. Let S ⊂ L be a sublattice and ϕ ∈ O˜(S). Then ϕ extends to an
isometry ϕ˜ ∈ O˜(L) such that ϕ˜|S⊥ = idS⊥.
Proof. [GHS13, Lemma 7.1] 
Lemma 2.2. Let L be a lattice and k ∈ Z. There are only finitely many
O(L)-orbits of elements l ∈ L with (l, l) = k.
Proof. [KS02, Satz 30.2] 
4A sublattice S ⊂ L is primitive, if the quotient group L/S is free. Two
primitive sublattices S ⊂ L and S′ ⊂ L′ are isometric, if there exists an isometry
ϕ : L→ L′ with ϕ(S) = S′.
Let S ⊂ L be a primitive sublattice and K := S⊥ ⊂ L its orthogonal
complement. The sequence of inclusions S⊕K ⊂ L ⊂ L∗ ⊂ S∗⊕K∗ defines an
inclusion HL := L/(S⊕K) ⊂ AS⊕AK as an isotropic subgroup. The restricted
projections pS : HL → HS := pS(HL) and pK : HL → HK := pK(HL) are
isomorphisms of groups, and the isomorphism
γ := pK ◦ p
−1
S : HS → HK
is an anti-isometry.
Now consider another primitive sublattice S′ ⊂ L with orthogonal comple-
ment K ′ and let γ′ : HS′ → HK ′ be as above.
Proposition 2.3. Let ϕ : S → S′ and ψ : K → K ′ be isometries. The isometry
ϕ⊕ ψ : S ⊕K → S′ ⊕K ′
extends to an isometry of L if and only if ψ ◦ γ = γ′ ◦ ϕ.
Proof. [Nik80b, Cor. 1.5.2] 
3. Irreducible symplectic manifolds
Definition 3.1. An irreducible (holomorphic) symplectic manifold is a complex
manifold X, such that
(i) X is a compact Ka¨hler manifold,
(ii) X is simply connected,
(iii) H0(X,Ω2X) = Cω, where ω is an everywhere non-degenerate holomor-
phic 2-form on X.
The non-degeneracy of ω implies that the complex dimension of X is even.
In dimension 2, irreducible symplectic manifolds coincide with K3 surfaces. For
a K3 surface S and an integer n ≥ 2, we denote by S[n] the Hilbert scheme
of zero-dimensional length n subschemes of S. Beauville [Bea83b] showed that
S[n] is an irreducible symplectic manifold of dimension 2n. (For n = 2, this was
first shown by Fujiki [Fuj83].) An irreducible symplectic manifold is called of
K3[n]-type, if it is deformation equivalent to S[n] for a K3 surface S.
Proposition 3.2. For an irreducible symplectic manifold X, the group H2(X,Z)
carries a natural integral symmetric bilinear form (·, ·) of signature (3, b2(X)−3)
satisfying
(i) (ω, ω) = 0, (ω, ω) > 0,
(ii) H1,1(X) = (H2,0(X)⊕H0,2(X))⊥ ⊂ H2(X,C),
(iii) (x, x) > 0 for every Ka¨hler class x on X.
Proof. [Bea83b] 
This form is called the Beauville–Bogomolov form (or sometimes Beauville–
Bogomolov–Fujiki form) of X.
5Note that property (ii) implies that
(3.1) NS(X) = H1,1(X,Z) := H2(X,Z) ∩H1,1(X) = H2(X,Z) ∩ {ω⊥}.
Example 3.3. For a K3 surface S, the Beauville–Bogomolov form coincides
with the intersection form, that is,
H2(S,Z) ∼= LK3 := 3U ⊕ 2E8(−1).
By a result of Beauville [Bea83b, Prop. 6], there exists a natural homomorphism
ε : H2(S,Z)→ H2(S[n],Z) preserving the Beauville–Bogomolov form such that
H2(S[n],Z) = ε(H2(S,Z))⊕ Ze,
where 2e is the class of the irreducible divisor E ⊂ S[n] consisting of non-reduced
subschemes. Moreover, one has (e, e) = 2− 2n and therefore
H2(X,Z) ∼= LK3 ⊕ 〈2− 2n〉 = 3U ⊕ 2E8(−1)⊕ 〈2− 2n〉 =: Ln
for any manifold X of K3[n]-type.
3.1. The period map. We now consider irreducible symplectic manifolds X
that are deformation equivalent to a fixed manifold X0 and fix a lattice L such
that H2(X0,Z) ∼= L. Let
ΩL := {η ∈ P(LC) : (η, η) = 0, (η, η¯) > 0}
be the associated period domain.
Definition 3.4. Let X be an irreducible symplectic manifold as above.
(i) A marking of X is an isometry α : H2(X,Z)→ L.
(ii) The period point of a marked pair (X,α) is defined as
P (X,α) := α(H2,0(X)) ∈ ΩL.
Let π : X → Def(X) be the Kuranishi family of X = π−1(0). It is a universal
deformation since H0(X,TX) = 0, and moreover unobstructed by a result of
Bogomolov [Bog78]. We assume that Def(X) is sufficiently small for the local
system R2π∗Z to be trivial. For any marking α0 : H
2(X,Z) → L, there is a
unique extension α : R2π∗Z → LDef(X) where LDef(X) is the constant sheaf of
stalk L on Def(X).
Theorem 3.5 (Local Torelli). The period map Def(X) → ΩL, t 7→ P (Xt, αt)
is an open embedding.
Proof. [Bea83b, Thm. 5] 
Let ML be the moduli space of marked pairs. As a consequence of the Local
Torelli theorem, the period map P : ML → ΩL is a local isomorphism.
Theorem 3.6 (Surjectivity of the period map). For any connected component
M
0
L ⊂ML, the restriction of the period map P0 : M
0
L → ΩL is surjective.
Proof. [Huy99, Thm. 8.1] 
Definition 3.7. Let X1,X2 be irreducible symplectic manifolds.
6(i) An isometry g : H2(X1,Z) → H
2(X2,Z) is called a parallel transport
operator, if there exists a smooth family π : X → T , two base points
t1, t2 ∈ T with π
−1(ti) = Xi and a continuous path γ : [0, 1]→ T with
γ(0) = t1, γ(1) = t2, such that the parallel transport in R
2π∗Z along
γ induces g.
(ii) A parallel transport operator H2(X,Z) → H2(X,Z) is called a mon-
odromy operator of X.
The composition of monodromy operators is again a monodromy operator
[Mar11, Footnote 3]. We denote by Mon2(X) ⊂ O(H2(X,Z)) the group of
monodromy operators of X, and by Mon2Hdg(X) ⊂ Mon
2(X) the group of mon-
odromy operators which are Hodge isometries.
For any connected component M0L of the moduli space of marked irreducible
symplectic manifolds, the subgroup
Mon2(M0L) := α ◦Mon
2(X) ◦ α−1 ⊂ O(L)
is independent of the choice of (X,α) ∈ M0L. It is the subgroup of O(L) fixing
M
0
L with respect to the action given by σ(X,α) = (X,σ ◦ α), σ ∈ O(L).
Moreover, for any manifold X of K3[n]-type, Mon2(X) ⊂ O(H2(X,Z)) is
a normal subgroup by [Mar10, Thm. 1.2]. Thus, in this case the group
Mon2(M0Ln) does not depend on the choice of M
0
Ln
, and we denote this group
by Mon2(Ln) ⊂ O(Ln).
The following lattice-theoretic description of monodromy operators was given
by Markman. Let O+(Ln) ⊂ O(Ln) be the index two subgroup of isometries
of real spinor norm 1 (for the definition of the spinor norm, we refer to [Mar11,
§4] or [GHS09, §1]).
Lemma 3.8. The group Mon2(Ln) is the inverse image of {−1, 1} with respect
to the natural homomorphism O+(Ln) → O(L
∗
n/Ln). In particular, one has
Mon2(Ln) = O
+(Ln) if n = 2 or if n− 1 is a prime power.
Proof. [Mar11, Lemma 9.2] 
Our main tool will be the Global Torelli theorem which was proved by Ver-
bitsky [Ver13]. We will only use the following Hodge-theoretic version which is
due to Markman.
Theorem 3.9 (Global Torelli theorem). Let X,Y be irreducible symplectic
manifolds and g : H2(X,Z) → H2(Y,Z) a Hodge isometry which is a paral-
lel transport operator. If g maps a Ka¨hler class to a Ka¨hler class, then there
exists a biholomorphic map f : Y → X with f∗ = g.
Proof. [Mar11, Thm. 1.3] 
3.2. Ka¨hler-type chambers. In this subsection, we recall the description of
the Ka¨hler-type chambers given by Amerik–Verbitsky [AV14b]. A similar result
for the Ka¨hler cone was shown by Mongardi [Mon13, Thm. 1.3].
Definition 3.10. Let X be an irreducible symplectic manifold.
7(i) The positive cone CX of X is the connected component of
C˜X := {x ∈ H
1,1(X,R) : (x, x) > 0}
that contains the Ka¨hler cone KX of X.
(ii) A Ka¨hler-type chamber of X is a subset of CX of the form g(f
∗K
X˜
) for
some g ∈ Mon2Hdg(X) and a bimeromorphic map f : X 99K X˜ to an
irreducible symplectic manifold X˜ .
Definition 3.11 ([AV14b, Def. 1.13]). A rational class z ∈ H1,1(X,Q) with
(z, z) < 0 is called monodromy birationally minimal, if there exists a bimero-
morphic map f : X 99K X˜ and a monodromy operator g ∈ Mon2(X), such that
the hyperplane g(z)⊥ contains a face of f∗K
X˜
.
Theorem 3.12 (Amerik–Verbitsky). Let z ∈ H1,1(X,Z) be a monodromy
birationally minimal class on X, and (X ′, z′) a deformation of (X, z), such
that z′ is of type (1, 1). Then z′ is monodromy birationally minimal.
Proof. [AV14a, Thm. 2.16] 
Theorem 3.13 (Amerik–Verbitsky). The Ka¨hler-type chambers of X are the
connected components of
CX \
⋃
z
z⊥,
where the union is taken over all monodromy birationally minimal classes on
X.
Proof. [AV14b, Thm. 6.2] 
Let ∆(X) ⊂ H1,1(X,Z) be the subset of all primitive integral classes which
are monodromy birationally minimal. We call such classes wall divisors (as in
[Mon13]). The set ∆(X) of wall divisors on manifolds of K3[n]-type has been
explicitly determined for n = 2, 3, 4 by Mongardi [Mon13]. We will only use the
explicit description for n = 2:
Proposition 3.14. A class D ∈ H1,1(X,Z) is a wall divisor if and only if
(i) (D,D) = −2, or
(ii) (D,D) = −10 and (D,H2(X,Z)) = 2Z.
Proof. Hassett–Tschinkel [HT09, Thm. 23] showed that every wall divisor is
of this form, and Markman [Mar13, Thm. 1.11] and Mongardi [Mon13, Prop.
2.12] showed that every such class is a wall divisor. 
4. Non-symplectic involutions
Definition 4.1. A non-symplectic involution of an irreducible symplectic man-
ifold X is a biholomorphic involution i : X → X with i∗ω = −ω.
Let i : X → X be a non-symplectic involution and i∗ : H2(X,Z)→ H2(X,Z)
be the induced isometry. For manifolds of K3[n]-type, the involution i is deter-
mined by i∗:
8Theorem 4.2. Let X be an irreducible symplectic manifold of K3[n]-type and
f : X → X an automorphism acting trivially on H2(X,Z). Then f = idX .
Proof. This was shown by Beauville [Bea83a, Prop. 10] for the special case
X = S[n] for some K3 surface S. The general case follows from [KV98, Cor.
6.9] (see also [Mar10, §1.2]). 
An important invariant of the pair (X, i) is the invariant sublattice
H2(X,Z)i = {h ∈ H2(X,Z) : i∗(h) = h} ⊂ H2(X,Z).
Example 4.3. Let i : S → S be a non-symplectic involution of a K3 surface
S. This induces a non-symplectic involution of the Hilbert scheme of length n
subschemes Z by
i[n] : S[n] → S[n]
Z 7→ i(Z).
Such an automorphism of S[n] is called natural. Clearly, i[n] leaves the divisor
E globally invariant. Furthermore, with respect to the natural embedding ε :
H2(S,Z) →֒ H2(S[n],Z) the restriction of (i[n])∗ to H2(S,Z) is given by i∗
[BS12, Section 3]. Therefore, the invariant lattice of i[n] is given by
H2(S[n],Z)i
[n]
= ε(H2(S,Z)i)⊕ Ze.
We recall some well-known facts about non-symplectic involutions.
Proposition 4.4. Let i : X → X be a non-symplectic involution. Then
(i) (ω,H2(X,Z)i) = 0,
(ii) H2(X,Z)i ⊂ H1,1(X,Z),
(iii) H2(X,Z)i is hyperbolic,
(iv) X is projective.
Proof. For every invariant class h ∈ H2(X,Z)i, we have
(ω, h) = (i∗(ω), i∗(h)) = −(ω, h),
which shows (i), since H2(X,Z) is torsion-free. Together with (3.1) this implies
(ii). If x ∈ H2(X,R) is a Ka¨hler class, then i∗(x) is a Ka¨hler class and therefore
x˜ := x+ i∗(x) ∈ H2(X,R)i
is an invariant Ka¨hler class. Since (x˜, x˜) > 0, this implies that
H2(X,R)i = H2(X,Z)i ⊗ R ⊂ H1,1(X,R)
is hyperbolic and hence (iii). Part (iv) is a special case of [Bea83a, Prop. 6].
Alternatively, it follows from (iii) and Huybrechts’ projectivity criterion [Huy99,
Thm. 3.11]. 
Definition 4.5. A family (π, I) : X → T of non-symplectic involutions over a
connected smooth analytic space T consists of
(i) a smooth and proper family π : X → T of irreducible symplectic man-
ifolds, and
(ii) a holomorphic involution I : X → X with π◦I = π, such that for every
t ∈ T , the induced involution It : Xt → Xt is non-symplectic.
9Definition 4.6. Let i1 : X1 → X1 and i2 : X2 → X2 be non-symplectic
involutions.
(i) The pairs (X1, i1) and (X2, i2) are isomorphic, if there exists an iso-
morphism f : X1 → X2 with i2 ◦ f = f ◦ i1.
(ii) The pairs (X1, i1) and (X2, i2) are deformation equivalent, if there ex-
ists a family (π, I) : X → T of non-symplectic involutions and points
tj ∈ T with (Xtj , Itj )
∼= (Xj , ij) for j = 1, 2.
The invariant sublattice of an involution is a deformation invariant in the
following sense.
Definition 4.7. (X1, i1) and (X2, i2) are of the same lattice type, if there exists
a parallel transport operator g : H2(X1,Z)→ H
2(X2,Z) with g ◦ i
∗
1 = i
∗
2 ◦ g.
Proposition 4.8. Let i1 : X1 → X1 and i2 : X2 → X2 be non-symplectic
involutions such that (X1, i1) and (X2, i2) are deformation equivalent. Then
(X1, i1) and (X2, i2) are of the same lattice type.
Proof. This is a consequence of Ehresmann’s theorem, see for example [OW13,
Prop. 2.2] or [BCS14, §4]. 
For K3 surfaces, the converse of Proposition 4.8 is true. In fact, it suffices to
assume that i1 : S1 → S1 and i2 : S2 → S2 are non-symplectic involutions of K3
surfaces with H2(S1,Z)
i1 ∼= H2(S2,Z)
i2 as lattices. Then (S1, i1) and (S2, i2)
are deformation equivalent by [Nik80b, Rem. 4.5.3].
For non-symplectic involutions of manifolds of K3[n]-type, being of the same
lattice type is in general a stronger property than having isometric invariant
lattices. However, we will see that even involutions of the same lattice type are
not necessarily deformation equivalent.
5. Local deformation space
The local deformation theory of K3[n]-type manifolds with non-symplectic
involutions has been described by Beauville [Bea11, Thm. 2]. A more detailed
discussion for automorphisms of prime order on irreducible symplectic manifolds
is given in [BCS14, Section 4]. We briefly recall the facts.
Let X be a manifold of K3[n]-type with a non-symplectic involution i : X →
X and let π : X → Def(X) be the Kuranishi family of X = π−1(0). The
involution i on X extends holomorphically to an involution I : X → X , and by
the universality of the Kuranishi family, this defines an action of i on Def(X).
The deformation space Def(X) can be locally identified with H1(X,TX) and
the actions of i on these spaces coincide under this identification. This shows
that the invariant subspace Def(X, i) := Def(X)i is smooth.
Moreover, the symplectic form defines an isomorphism TX → Ω
1
X , which
maps the invariant subspace ofH1(X,TX) to the (−1)-eigenspace ofH
1(X,Ω1X).
In particular, the dimension of Def(X, i) is 21 − rk(H2(X,Z)i). Furthermore,
the Kuranishi family restricts to a family
π′ : X ′ → Def(X, i),
such that I ′ := I|X ′ preserves the fibres of π
′.
10
Example 5.1. Let i : S → S be a non-symplectic involution of a K3 surface
S and i[n] : S[n] → S[n] be the natural involution. Any deformation of (S, i)
induces a deformation of (S[n], i[n]). On the other hand, we have
H1,1(S[n])i
[n]
= ε(H1,1(S)i)⊕ Ce,
hence εmaps Def(S, i) onto Def(S[n], i[n]). Every small deformation of (S[n], i[n])
is induced by a deformation of (S, i).
6. Period map
From now on, we will only consider irreducible symplectic manifolds of K3[n]-
type.
Definition 6.1. A sublattice M ⊂ Ln is called admissible, if
(i) M is hyperbolic,
(ii) there exists an involution ιM ∈Mon
2(Ln) such that M = (Ln)
ιM .
If X is a manifold of K3[n]-type and i : X → X is a non-symplectic invo-
lution, then any marking α : H2(X,Z) → Ln maps the invariant sublattice
H2(X,Z)i ⊂ H2(X,Z) to some admissible sublattice M ⊂ Ln.
In the case n = 2, admissible sublattices have been classified by Boissie`re,
Camere and Sarti in [BCS14]. Moreover, it is shown that every such sublattice
is isometric to the invariant sublattice H2(X,Z)i ⊂ H2(X,Z) for some non-
symplectic involution i : X → X of a K3[2]-type manifold [BCS14, Prop. 8.2].
We will see that the same is true for n > 2.
We now fix a connected component M0Ln of the moduli space of marked man-
ifolds of K3[n]-type and denote by P0 : M
0
Ln
→ ΩL the restriction of the period
map. This allows us to identify lattice types of non-symplectic involutions with
Mon2(Ln)-orbits of admissible sublattices.
Definition 6.2. Let M ⊂ Ln be an admissible sublattice with corresponding
involution ιM ∈ Mon
2(Ln) and let i : X → X be a non-symplectic involution
of a K3[n]-type manifold X.
(i) An (M -)admissible marking of (X, i) is a marking α : H2(X,Z)→ Ln
satisfying (X,α) ∈M0Ln and α ◦ i
∗ = ιM ◦ α.
(ii) The pair (X, i) is called of type M , if there exists an M -admissible
marking of (X, i).
Remark 6.3. If (X, i) is of typeM , thenH2(X,Z)i is isometric toM . However,
the converse is not true in general. The definition of type M depends a priori
on the connected component M0Ln and on the embedding M ⊂ Ln. If n = 2 or
n− 1 is a prime power, then the choice of M0Ln is irrelevant by Lemma 3.8. An
example of non-isometric admissible sublattices M,M ′ ⊂ L2 that are isometric
as lattices is given in [BCS14, Example. 8.6].
Assume that (X1, i1) is of type M and α : H
2(X1,Z)→ Ln is an admissible
marking. If (X2, i2) is of the same lattice type as (X1, i1), that is, there exists
a parallel transport operator g : H2(X1,Z) → H
2(X2,Z) with g ◦ i
∗
1 = i
∗
2 ◦ g,
then α ◦ g−1 is an admissible marking for (X2, i2). In particular, a deformation
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of a pair of type M is again of type M . As remarked before, the converse is
true for K3 surfaces. Our goal is to give a lattice-theoretic description of the
deformation types of pairs of type M .
Let
MM := {(X, i) : (X, i) is a pair of type M}/ ∼= .
For now, we will consider MM only as a set.
Let (X, i) ∈ MM and α : H
2(X,Z)→ Ln be an admissible marking. Propo-
sition 4.4 (i) implies that
P0(X,α) ∈ ΩM⊥ ⊂ ΩL.
Consider the subgroup
Γ(M) := {σ ∈ Mon2(Ln) : σ ◦ ιM = ιM ◦ σ}
= {σ ∈ Mon2(Ln) : σ(M) =M}.
If (X, i) and (Y, j) are of type M with admissible markings α : H2(X,Z)→ Ln
and β : H2(Y,Z)→ Ln, and f : (X, i)→ (Y, j) is an isomorphism, then f
∗ is a
Hodge isometry, and therefore
P0(X,α) = σ(P0(Y, β)), where σ := α ◦ f
∗ ◦ β−1.
Since f∗ is a parallel transport operator and (X,α) and (Y, β) belong to the
same connected component of MLn , we have σ ∈ Mon
2(Ln). Furthermore,
using i∗ ◦ f∗ = f∗ ◦ j∗, we obtain
ιM ◦ σ = ιM ◦ α ◦ f
∗ ◦ β−1 = α ◦ i∗ ◦ f∗ ◦ β−1
= α ◦ f∗ ◦ j∗ ◦ β−1 = α ◦ f∗ ◦ β−1 ◦ ιM = σ ◦ ιM
and hence σ ∈ Γ(M). Thus the period map induces a map
(6.1) PM :MM −→ ΩM⊥/ΓM⊥ ,
where ΓM⊥ ⊂ O(M
⊥) is the image of the restriction homomorphism
Γ(M)→ O(M⊥).
Proposition 6.4. ΓM⊥ ⊂ O(M
⊥) is a finite index subgroup.
Proof. It suffices to show that ΓM⊥ contains the finite index subgroup
O˜+(M⊥) := O˜(M⊥) ∩O+(M⊥) ⊂ O(M⊥),
where O+(M⊥) ⊂ O(M⊥) is the index two subgroup of isometries of real spinor
norm 1. By Lemma 2.1, any isometry σ ∈ O˜+(M⊥) extends to an isometry
σ˜ ∈ O˜(Ln) with σ˜|M = idM ∈ O
+(M) and hence σ˜ ∈ O+(Ln). By Lemma 3.8,
we have σ˜ ∈ Mon2(Ln), which shows σ˜ ∈ Γ(M) and consequently σ ∈ ΓM⊥ . 
Since sign(M⊥) = (2, r(M⊥) − 2), the period domain ΩM⊥ consists of two
connected components Ω+
M⊥
and Ω−
M⊥
, each of which is isomorphic to a bounded
symmetric domain. Moreover, the finite index subgroup ΓM⊥ ⊂ O(M
⊥) acts
properly discontinuously on ΩM⊥ , and the quotient ΩM⊥/ΓM⊥ is a quasi-projective
variety by [BB66, Thm. 10.4 and Thm 10.11].
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Assume that (π, I) : X → T is a holomorphic family of involutions of typeM .
Then the holomorphicity of the ordinary period map implies that the induced
map
T → ΩM⊥/ΓM⊥
t 7→ PM (Xt, It)
is holomorphic.
For K3 surfaces, one has the following result due to Nikulin and Yoshikawa.
Theorem 6.5. The period map PM : MM → ΩM⊥/ΓM⊥ is injective and its
image is a Zariski-open subset Ω0
M⊥
/ΓM⊥ . In particular, Ω
0
M⊥
/ΓM⊥ is a coarse
moduli space of pairs of type M .
Proof. [Yos04, Thm. 1.8] 
For manifolds of K3[n]-type, we will see that even when the period map PM is
restricted to involutions of a fixed deformation type, it need not be generically
injective. However, once we fix a deformation type K, we will be able to use a
finer period map
PM,K :MM,K → Ω
+
M⊥
/ΓM⊥,K
for some finite index subgroup ΓM⊥,K ⊂ ΓM⊥ and show that this map is gener-
ically injective.
7. Stable invariant Ka¨hler cone
For a non-symplectic involution i : X → X let
CiX := {x ∈ CX : i
∗(x) = x}
be the invariant positive cone and
∆i(X) := {D ∈ ∆(X) : i∗(D) = D}
the set of invariant wall divisors of (X, i). It follows from Theorem 3.13 that
the invariant Ka¨hler cone KiX = KX ∩ C
i
X of (X, i) is contained in a connected
component of
(7.1) CiX \
⋃
D∈∆i(X)
D⊥.
Definition 7.1. The stable invariant Ka¨hler cone K˜iX of (X, i) is the compo-
nent of (7.1) containing the invariant Ka¨hler cone of (X, i).
We will give a geometric interpretation of K˜iX in Proposition 9.4. The dis-
tinction between invariant and non-invariant wall divisors is motivated by the
following observations.
Assume that i : X → X is a non-symplectic involution and f : X 99K X˜ is a
different birational model such that the induced birational involution
i˜ := f ◦ i ◦ f−1 : X˜ → X˜
is again biregular (see Example 9.12 for a geometric realization of this situa-
tion). Then f∗ : H2(X˜,Z) → H2(X,Z) is a parallel transport Hodge isometry
satisfying f∗ ◦ i∗ = (˜i)∗ ◦ f∗, which implies PM (X, i) = PM (X˜, i˜).
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If KX and f
∗K
X˜
are separated by a wall D⊥ for an invariant wall divisor
D ∈ ∆i(X), then by Proposition 4.4 (ii), the class D remains of type (1, 1)
for any deformation of the pair (X, i). In this case the two birational models
deform into different families. (At least locally; globally the families can be
the same, as we will see in Example 10.9.) In Section 9 we will see that the
equivalence class of the stable invariant Ka¨hler cone up to parallel transport
determines the deformation type of a non-symplectic involution of a manifold
of K3[n]-type.
If on the other hand D belongs to ∆(X)\∆i(X), then the corresponding wall
vanishes under some deformation of (X, i), and the two pairs (X, i) and (X˜, i˜)
deform into the same family. We will see that in this case one has KiX ( K˜
i
X .
Our goal in this section is to identify a Zariski-closed subset D′M ⊂ ΩM⊥/ΓM⊥
such that K˜iX = K
i
X for every (X, i) with PM (X, i) 6∈ D
′
M . For this purpose, we
will need the lattice-theoretic analogue of wall divisors.
Proposition 7.2. For any connected component M0Ln of the moduli space of
marked pairs of K3[n]-type, there exists a subset ∆(Ln) ⊂ Ln with the following
properties:
(i) For any (X,α) ∈M0Ln , we have
∆(X) = α−1(∆(Ln)) ∩H
1,1(X,Z).
(ii) The group Mon2(Ln) acts on ∆(Ln) with a finite number of orbits.
Proof. Let
∆(Ln) := {α(D) : (X,α) ∈M
0
Ln
and D ∈ ∆(X)} ⊂ Ln.
Let (X,α) ∈ M0Ln and assume that D = α
−1(β(D′)) ∈ H1,1(X,Z) for some
marked manifold (Y, β) ∈M0Ln and some wall divisor D
′ ∈ ∆(Y ). Then α−1 ◦β
is a parallel transport operator and we have D ∈ ∆(X) by Theorem 3.12. The
other inclusion follows from the definition of ∆(Ln). This shows (i).
The group Mon2(Ln) clearly acts on ∆(Ln). The finiteness of orbits is shown
in [AV14b, Cor. 6.7]: by a result of Bayer–Hassett–Tschinkel [BHT13, Prop.
2] there exists a constant Cn > 0 such that any wall divisor D ∈ ∆(X) on
a projective manifold X of K3[n]-type satisfies |(D,D)| < Cn. In [AV14b],
the authors extend this result to non-projective manifolds. Hence the claim
follows from Lemma 2.2 and the fact that Mon2(Ln) ⊂ O(Ln) is a finite index
subgroup. 
Example 7.3. By Proposition 3.14 we have
∆(L2) = {δ ∈ L2 : (δ, δ) = −2, or (δ, δ) = −10, (δ, L2) = 2Z}.
Assume that i : X → X is a non-symplectic involution with KiX ( K˜
i
X .
Since K˜iX is connected, Theorem 3.13 implies that there exists a wall divisor
D ∈ ∆(X) such that K˜iX∩D
⊥ 6= ∅ and in particular CiX∩D
⊥ 6= ∅. By definition
of the stable invariant Ka¨hler cone, we have in fact D ∈ ∆(X) \∆i(X). This,
together with Lemma 7.6, motivates the following definition.
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Definition 7.4. We denote by Ln(M) ⊂ Ln the set of elements δ ∈ Ln such
that
sign(M ∩ δ⊥) = (1, rk(M)− 2),
sign(M⊥ ∩ δ⊥) = (2, rk(M⊥)− 3).
Definition 7.5. The positive cone of M is given by
C˜M := {x ∈MR : (x, x) > 0}.
Lemma 7.6. For δ ∈ Ln the following properties are equivalent:
(i) δ ∈ Ln(M)
(ii) δ satisfies the following conditions:
(a) δ 6∈M ,
(b) δ 6∈M⊥,
(c) ΩM⊥ ∩ δ
⊥ 6= ∅,
(d) C˜M ∩ δ
⊥ 6= ∅.
(iii) Let δM ∈MQ and δM⊥ ∈M
⊥
Q such that δ = δM + δM⊥. Then
(δM , δM ) < 0, (δM⊥ , δM⊥) < 0.
Proof. First assume that δ ∈ Ln(M). Then (a) and (b) follow from M ∩ δ
⊥ 6= 0
and M⊥ ∩ δ⊥ 6= 0. Since M ∩ δ⊥ is hyperbolic, we have
C˜M ∩ δ
⊥ = C˜M∩ δ⊥ 6= ∅,
and since M⊥ ∩ δ⊥ has two positive squares, we have
ΩM⊥ ∩ δ
⊥ = ΩM⊥∩ δ⊥ 6= ∅.
Conversely, assume that δ ∈ Ln satisfies (a)–(d). The sublattice M ∩ δ
⊥ ⊂ M
is hyperbolic, parabolic or negative definite. The latter two cases are excluded
by condition (d). Since δ 6∈M⊥, this shows that sign(M ∩ δ⊥) = (1, rk(M)−2).
Condition (c) implies that M⊥∩ δ⊥ has two positive squares and together with
(a) we obtain δ ∈ Ln(M).
We now show the equivalence of (i) and (iii). If δ satisfies (iii), then the
orthogonal decompositions
(7.2)
MQ = (MQ ∩ δ
⊥)⊕Q δM ,
M⊥Q = (M
⊥
Q ∩ δ
⊥)⊕Q δ⊥M
imply that δ ∈ Ln(M). Conversely, if δ ∈ Ln(M), the lattices M∩δ
⊥ andM⊥∩
δ⊥ are non-degenerate, and therefore we have (δM , δM ) 6= 0 and (δM⊥ , δM⊥) 6= 0.
Thus, the decompositions (7.2) hold and hence we have (δM , δM ) < 0 and
(δM⊥ , δM⊥) < 0. 
For any sublattice N ⊂ Ln let
∆(N) := ∆(Ln) ∩N.
Moreover, let
∆M (Ln) := Ln(M) ∩∆(Ln).
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Lemma 7.7. The collections of hyperplanes
{δ⊥ ⊂ ΩM⊥ : δ ∈ ∆M(Ln)}
and
{δ⊥ ⊂ ΩM⊥ : δ ∈ ∆(M
⊥)}
are locally finite in ΩM⊥.
Proof. Since Mon2(Ln) acts on ∆(Ln), the group ΓM⊥ acts on ∆(M
⊥). There
are only finitely many possible values (δ, δ) for δ ∈ ∆(M⊥) ⊂ ∆(Ln) by Propo-
sition 7.2 (ii), and since ΓM⊥ ⊂ O(M
⊥) is a finite index subgroup, Lemma 2.2
implies that ∆(M⊥) consists of finitely many ΓM⊥-orbits. The group ΓM⊥ acts
properly discontinuously on ΩM⊥ , which means that the map
ΩM⊥ × ΓM⊥ → ΩM⊥ × ΩM⊥
(η, σ) 7→ (η, σ(η))
is proper. In particular, every orbit ΓM⊥ · δ
⊥ ⊂ ΩM⊥ is closed and hence a
locally finite union of hyperplanes. This shows the first claim.
Now let δ ∈ ∆M (Ln). We can write 2δ = δM + δM⊥ , where
δM := δ + ιM (δ) ∈M, δM⊥ := δ − ιM (δ) ∈M
⊥.
By Lemma 7.6, we have (δM , δM ) < 0 and (δM⊥ , δM⊥) < 0. Again, there is
only a finite number of possible values for (δ, δ) < 0, and since
4(δ, δ) = (δM , δM ) + (δM⊥ , δM⊥)
the same is true for (δM⊥ , δM⊥). The group ΓM⊥ acts on the set of such δM⊥ ,
and since δ⊥ = δ⊥
M⊥
⊂ ΩM⊥ , the same argument as above applies. 
By the preceding lemma, the subsets
D˜M :=
⋃
δ∈∆(M⊥)
δ⊥ ⊂ ΩM⊥
and
D˜′M :=
⋃
δ∈∆M (Ln)
δ⊥ ⊂ ΩM⊥
are closed in ΩM⊥ . They are invariant under ΓM⊥ and their quotients
DM := D˜M/ΓM⊥ and D
′
M := D˜
′
M/ΓM⊥
are Zariski-closed subsets of ΩM⊥/ΓM⊥ . The significance of these divisors is
explained by the following Proposition.
Proposition 7.8. Let (X, i) be a pair of type M .
(i) PM (X, i) 6∈ DM .
(ii) If PM (X, i) 6∈ D
′
M , then we have K˜
i
X = K
i
X .
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Proof. Let α : H2(X,Z) → Ln be an admissible marking. Assume first that
PM (X,α) ∈ δ
⊥, where δ ∈ ∆(M⊥). Then D := α−1(δ) is a wall divisor on
X which is orthogonal to the invariant lattice. This is impossible, since there
exists an invariant ample class on X, and since ample classes are not orthogonal
to any wall divisor by Theorem 3.13. This shows (i).
Now assume that KiX is strictly smaller than K˜
i
X . This implies that there
exists an element D ∈ ∆(X) \∆i(X) such that D⊥ has non-empty intersection
with K˜iX ⊂ C
i
X . In particular, the element δ := α(D) satisfies δ
⊥ ∩ C˜M 6= ∅.
Furthermore we have δ 6∈ M⊥ by part (i) and δ 6∈ M by the assumption
D 6∈ ∆i(X). Finally, P (X,α) ∈ ΩM⊥ ∩ δ
⊥ shows that this intersection is non-
empty, and we can apply Lemma 7.6 to obtain δ ∈ Ln(M). Since D ∈ ∆(X),
we have δ ∈ ∆M (Ln) and hence PM (X, i) ∈ D
′
M . This shows (ii). 
We remark, that the converse of part (ii) is not true in general. In fact,
as seen in the proof, the property PM (X, i) ∈ D
′
M only implies the existence
of a wall divisor in ∆(X) \ ∆(X)i whose orthogonal complement meets the
invariant positive cone, rather than the stable invariant Ka¨hler cone. Once we
have discussed the problem of deformation equivalence, we will define a refined
period map and a divisor DK, which allows us to give a necessary and sufficient
condition for K˜iX = K
i
X in terms of the period map.
8. Ka¨hler-type chambers of M
In this section we discuss the lattice-theoretic counterpart of the stable in-
variant Ka¨hler cone, the Ka¨hler-type chambers of M . We will use these in the
next section to give a lattice-theoretic criterion for deformation equivalence.
Definition 8.1. A Ka¨hler-type chamber of the lattice M is a connected com-
ponent of
C˜M \
⋃
δ∈∆(M)
δ⊥,
where ∆(M) = ∆(Ln) ∩M . We denote the set of Ka¨hler-type chambers of M
by KT(M).
If (X, i) is a pair of type M and α : H2(X,Z) → Ln an admissible marking,
then we have α(∆i(X)) = ∆(M), and hence α(K˜iX ) is a Ka¨hler-type chamber
of M .
Definition 8.2. The stable invariant Ka¨hler cones of two pairs (X, i) and
(Y, j) of typeM are called isometric if there exists a parallel transport operator
g : H2(X,Z)→ H2(Y,Z) satisfying
j∗ ◦ g = g ◦ i∗, g(K˜iX ) = K˜
j
Y .
In this case we write K˜iX
∼= K˜
j
Y .
Let ΓM be the image of the homomorphism Γ(M)→ O(M).
Proposition 8.3. ΓM ⊂ O(M) is a finite index subgroup.
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Proof. We will show that ΓM contains the group O˜
+(M) = O˜(M) ∩ O+(M),
from which the claim will follow. By Lemma 2.1, any σ ∈ O˜+(M) extends
to an isometry σ˜ ∈ O˜(Ln) satisfying σ˜|M⊥ = idM⊥ ∈ O
+(M⊥) and hence
σ˜ ∈ O+(Ln). Using Lemma 3.8, we have σ˜ ∈ Mon
2(Ln), which shows σ˜ ∈ Γ(M)
and consequently σ ∈ ΓM . 
The group ΓM acts on ∆(M) and therefore on the Ka¨hler-type chambers of
M . We clearly have K˜iX
∼= K˜
j
Y if and only if
[α(K˜iX)] = [β(K˜
j
Y )] ∈ KT(M)/ΓM
for any and hence for all admissible markings α and β. In particular, we obtain
a well-defined map
ρ : MM → KT(M)/ΓM
(X, i) 7→ [α(K˜iX )].
We will later show that the map ρ is surjective. For this, we will need the
following lemma.
Lemma 8.4. Any Ka¨hler-type chamber of M is an open subset of C˜M .
Proof. Let CM ⊂ C˜M be one of the two connected components, and let Γ
+
M ⊂ ΓM
and O+(MR) ⊂ O(MR) be the subgroups preserving CM . The group O
+(MR)
acts transitively on
H := {x ∈ CM : (x, x) = 1}
and the stabilizer of x ∈ H is the compact group O(x⊥). By [Wol67, Lemma
3.1.1], the action of the discrete subgroup Γ+M ⊂ O
+(MR) on
H ∼= O+(MR)/O(x
⊥)
is properly discontinuous. This implies that for δ ∈ ∆(M), the Γ+M -orbit of the
closed subset δ⊥ ⊂ H is closed. Since Γ+M ⊂ O(M) is a finite index subgroup,
there is only a finite number of orbits. 
9. Deformation equivalence
The goal of this section is to show that two pairs (X, i) and (Y, j) of type
M are deformation equivalent if and only if their stable invariant Ka¨hler cones
are isometric. Moreover, we show that every Ka¨hler-type chamber of M can be
realized as the stable invariant Ka¨hler cone of some pair (X, i), and thus obtain
a purely lattice-theoretic characterization of the deformation types.
Let K ∈ KT(M) be a Ka¨hler-type chamber. As a consequence of Lemma 8.4,
there exists an integral class h ∈ K. By [Mar11, §4], the component M0Ln and
the connected component of C˜M which contains h (and therefore K) determine
a connected component Ω+
h⊥
⊂ Ωh⊥ , such that for every
(X,α) ∈M+
h⊥
:= P−10 (Ω
+
h⊥
)
we have α−1(h) ∈ CX . Let M
a
h⊥
⊂M+
h⊥
be the set of marked pairs (X,α) such
that α−1(h) is ample.
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Lemma 9.1. Ma
h⊥
⊂M+
h⊥
is open.
Proof. [Mar11, Cor. 7.3] 
Let Ω+
M⊥
be the connected component of ΩM⊥ which is contained in Ω
+
h⊥
,
and let
M
+
M⊥
:= P−10 (Ω
+
M⊥
).
We have α−1(K) ⊂ CX for every (X,α) ∈M
+
M⊥
. Let
MM⊥,K := {(X,α) ∈M
+
M⊥
: K ∩ α(KX ) 6= ∅}.
Lemma 9.2. MM⊥,K ⊂M
+
M⊥
is an open subset.
Proof. Let (X,α) ∈MM⊥,K. Since α(KX) ∩K ⊂ K is a non-empty open subset,
there exists an integral element h ∈ K such that α−1(h) is ample. Then
M
a
h⊥ ∩M
+
M⊥
⊂MM⊥,K
is an open neighbourhood of (X,α) by Lemma 9.1. 
Proposition 9.3. The isometry class of the stable invariant Ka¨hler cone is
invariant under deformation.
Proof. Let (π, I) : X → T be a family over a connected base T . For s ∈ T let
Us = {t ∈ T : K˜
It
Xt
∼= K˜IsXs}.
We claim that Us ⊂ T is open. Let U ⊂ T be a contractible open neighbourhood
of s and α : (R2π∗Z)|U → LU a trivialization such that αs is admissible for
(Xs, Is). Then for every t ∈ U the marking αt is admissible for (Xt, It), and
we obtain a holomorphic map φ : U → M+
M⊥
, where M+
M⊥
= P−10 (Ω
+
M⊥
) is
the connected component determined by K := αs(K˜
Is
Xs
) as described above. By
Lemma 9.2, the set
V := φ−1(MM⊥,K) ⊂ T
is a non-empty open neighbourhood of s. For every t ∈ V there is a Ka¨hler
class inside α−1t (K), and since K˜
It
Xt
is determined by one invariant Ka¨hler class,
this implies K˜ItXt = α
−1
t (K). Hence α
−1
t ◦ αs is a parallel transport operator
mapping K˜IsXs to K˜
It
Xt
. This shows that Us ⊂ T is open and since T =
⋃
s∈T Us,
we have T = Us for every s ∈ T . 
Let h ∈ H2(X,Z)i ⊂ H1,1(X,Z) and L be a line bundle on X with c1(L) = h.
Then we have Def(X, i) ⊂ Def(X,L). For t ∈ Def(X, i), let ht := c1(Lt) where
(Xt,Lt) is the fibre over t ∈ Def(X,L) in the universal deformation of (X,L).
The following Proposition gives a characterization of stably invariant ample
classes which is similar to Markman’s notion of stably prime exceptional classes
[Mar13].
Proposition 9.4. A class h ∈ H2(X,Z)i belongs to K˜iX if and only if there is
an analytic subvariety Z ⊂ Def(X, i) of complex codimension 1 such that for
t ∈ Def(X, i) \ Z the class ht is an invariant ample class of (Xt, It).
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Proof. Let
π : X → Def(X, i), I : X → X
be the universal deformation of (X, i) = (π−1(0), I0) described in Section 5. We
choose a trivialization α : R2π∗Z→ LDef(X,i) such that for every t ∈ Def(X, i),
the marking αt is admissible for (Xt, It). Now the period map defines an open
embedding Def(X) ⊂ ΩL such that
Def(X, i) = Def(X) ∩ ΩM⊥ .
We have (X,α0) ∈ MM⊥,K, where K := α0(K˜
i
X), and by Lemma 9.2 we can
assume that Def(X, i) is sufficiently small such that (Xt, αt) ∈MM⊥,K for every
t ∈ Def(X, i). As in the proof of Proposition 9.3, we see that K˜ItXt = α
−1
t (K).
By Lemma 7.7, the subset
Z :=
⋃
δ∈∆M (Ln)
δ⊥ ⊂ Def(X, i)
is a union of finitely many hyperplanes. For every t 6∈ Z we have KItXt = α
−1
t (K)
by Proposition 7.8. Hence if h ∈ H2(X,Z)i belongs to K˜iX , then the class
ht = α
−1
t ◦ α0(h) ∈ H
2(Xt,Z)
It
is ample for every t 6∈ Z.
Conversely let h ∈ H2(X,Z)i and assume that there exists a t ∈ Def(X, i)
such that ht is ample. Then
h = α−10 ◦ αt(ht) ∈ α
−1
0 (K) = K˜
i
X
belongs to the stable invariant Ka¨hler cone. 
In the following our aim is to show that also the converse of Proposition 9.3
is true, that is, the isometry class of the stable invariant Ka¨hler cone completely
determines the deformation type.
Let K be a Ka¨hler-type chamber of M and PK : MM⊥,K → Ω
+
M⊥
be the
restriction of the period map. Let Ω0
M⊥
:= Ω+
M⊥
\D˜M . We have seen in Lemma
7.7 that Ω0
M⊥
⊂ Ω+
M⊥
is an open subset.
Lemma 9.5. The image of PK is Ω
0
M⊥
.
Proof. By definition, for every (X,α) ∈ MM⊥,K there exists a Ka¨hler class x
inside α−1(K) ⊂ α−1(MR). Since x 6∈ D
⊥ for every wall divisor D ∈ ∆(X), this
shows that P (X,α) 6∈ D˜M .
Conversely, assume that η ∈ Ω+
M⊥
\ D˜M . By the surjectivity of the period
map, there exists a marked pair (X,α) ∈ M0Ln with P (X,α) = η. As noted
before, since η ∈ Ω+
M⊥
and therefore (X,α) ∈M+
M⊥
, we have α−1(K) ⊂ CX .
We claim that the cone α−1(K) is not contained in the hyperplaneD⊥ for any
D ∈ ∆(X). Indeed, since K ⊂ MR is open, this would imply δ := α(D) ∈M
⊥,
and therefore δ ∈ ∆(M⊥). Then P (X,α) ∈ δ⊥ ⊂ D˜M gives a contradiction.
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Now it follows from Theorem 3.13 that α−1(K) intersects a Ka¨hler-type cham-
ber of X. By definition, this means, that there exists a monodromy operator
g ∈ Mon2Hdg(X) and a birational model f : X 99K X˜ such that
α−1(K) ∩ g(f∗K
X˜
) 6= ∅
and therefore α˜−1(K) ∩ K
X˜
6= ∅, where
α˜ := α ◦ g ◦ f∗ : H2(X˜,Z)→ Ln.
Since g ◦ f∗ is a Hodge isometry and a parallel transport operator, we have
P0(X˜, α˜) = P0(X,α) = η,
and thus (X˜, α˜) ∈MM⊥,K is a marked pair with PK(X˜, α˜) = η. 
Since MM⊥,K ⊂ M
+
M⊥
is open, the period map restricts to a local isomor-
phism PK : MM⊥,K → Ω
0
M⊥
. We now want to use the path-connectedness of
Ω0
M⊥
to show that MM⊥,K is path-connected. We will then define a family of
involutions over MM⊥,K containing any pair (X, i) with ρ(X, i) = [K].
Lemma 9.6. The space Ω0
M⊥
is path-connected.
Proof. Let η1, η2 ∈ Ω
0
M⊥
⊂ Ω+
M⊥
and γ : [0, 1] → Ω+
M⊥
be a path connecting
η1 and η2. By Lemma 7.7, for any t ∈ [0, 1], there exists a path-connected
open neighbourhood Ut ⊂ Ω
+
M⊥
of γ(t) which intersects only finitely many
hyperplanes δ⊥ for δ ∈ ∆(M⊥). Let V1, . . . , Vk be a finite subcovering of {Ut}
such that η1 ∈ V1, η2 ∈ Vk and
Vi ∩ Vi+1 6= ∅, i = 0, . . . , k − 1.
For any i, the set Vi \ D˜M is the complement in Vi of finitely many hyperplanes
of real codimension 2 and therefore path-connected. Since Vi ∩ Vi+1 ⊂ Ω
+
M⊥
is
open, we have Vi ∩ Vi+1 ∩ Ω
0
M⊥
6= ∅, which shows the claim. 
Locally, paths in Ω0
M⊥
can be lifted to paths in MM⊥,K using the Local
Torelli theorem. To connect these paths in MM⊥,K, we will need a dense subset
of points which are unique in their fibres with respect to PK. Let
Ω′
M⊥
:= ΩM⊥ \
⋃
δ∈Ln\M
δ⊥
and
M
′
M⊥,K := P
−1
K (Ω
′
M⊥).
For (X,α) ∈M′
M⊥,K
we have α(H1,1(X,Z)) =M and therefore α(KX) = K.
Lemma 9.7. If (X,α) ∈M′
M⊥,K
, then
P−1K (PK(X,α)) = {(X,α)}.
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Proof. For i = 1, 2, let (Xi, αi) ∈M
′
M⊥,K
with PK(X1, α1) = PK(X2, α2). Then
α−12 ◦α1 : H
2(X1,Z)→ H
2(X2,Z) is a Hodge isometry and a parallel transport
operator that maps KX1 onto KX2 . By the Global Torelli theorem, α
−1
2 ◦ α1
is induced by an isomorphism f : X2 → X1, which defines an isomorphism
(X1, α1) ∼= (X2, α2) of marked pairs. 
The following Proposition is a generalization of [Mar13, Cor. 5.11], which
contains the same statement for a rank 1 lattice M = Zh with (h, h) > 0. In
this case K is the ray R>0 · h and MM⊥,K = M
a
h⊥
. We will use the same idea
for the proof.
Proposition 9.8. MM⊥,K is path-connected.
Proof. By the Local Torelli theorem and Lemma 9.2, the surjective map
PK : MM⊥,K → Ω
0
M⊥
is a local isomorphism. Let
(X0, α0), (X1, α1) ∈MM⊥,K
and ηi := PK(Xi, αi). Let γ : [0, 1]→ Ω
0
M⊥
be a continuous path with γ(i) = ηi.
It follows from the proof of Lemma 9.6 that γ can be chosen sufficiently generic
such that
T := γ−1(Ω′
M⊥
) ⊂ [0, 1]
is dense. For every s ∈ P−1K (γ([0, 1])) let Us ⊂ MM⊥,K be a path-connected
open neighbourhood of s which is mapped isomorphically onto an open subset
of Ω0
M⊥
. Then the sets PK(Us) form an open covering of γ([0, 1]), and we choose
a finite subcovering
Vi = PK(Usi), i = 0, . . . , n+ 1.
We can assume that
p0 := (X0, α0) ∈ Us0 , pn+1 := (X1, α1) ∈ Usn
and that Vi−1 ∩ Vi 6= ∅ for i = 1, . . . , n. Let t0 := 0, tn+1 := 1,
ti ∈ γ
−1(Vi−1 ∩ Vi) ∩ T, i = 1, . . . , n,
and pi ∈ M
′
M⊥,K
be the unique element of the fibre P−1K (γ(ti)). Using the
isomorphism PK|Usi : Usi → Vi, the path γ|[ti,ti+1] can be lifted to a path
connecting pi with pi+1. 
Proposition 9.9. For (X,α) ∈ MM⊥,K, there exists a non-symplectic invo-
lution i : X → X with i∗ = α−1 ◦ ιM ◦ α. In particular, (X, i) is of type
M .
Proof. Since M is admissible, we have ιM ∈Mon
2(Ln), and therefore
g := α−1 ◦ ιM ◦ α : H
2(X,Z)→ H2(X,Z)
is a monodromy operator. Furthermore, from P (X,α) ∈ ΩM⊥ we obtain
α(H2,0(X)) ⊂M⊥ ⊗ C
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and hence that g(ω) = −ω. In particular, g is a Hodge isometry. Finally, g acts
trivially on the chamber α−1(K), which by assumption contains a Ka¨hler class.
By the Global Torelli theorem (Theorem 3.9), there exists an automorphism
i : X → X with i∗ = g. We have i∗ ◦ i∗ = idH2(X,Z), which by Theorem
4.2 shows that i is an involution. The last assertion follows immediately from
i∗ = α−1 ◦ ιM ◦ α. 
Theorem 9.10. Let (X1, i1), (X2, i2) be two pairs of type M with isometric sta-
ble invariant Ka¨hler cones. Then (X1, i1) and (X2, i2) are deformation equiva-
lent.
Proof. Let g : H2(X2,Z)→ H
2(X1,Z) be a parallel transport operator with
i∗1 ◦ g = g ◦ i
∗
2, g(K˜
i2
X2
) = K˜i1X1 .
Let α1 : H
2(X1,Z)→ Ln be an admissible marking of (X1, i1) and let
α2 := α1 ◦ g : H
2(X2,Z)→ Ln.
For j = 1, 2, we have (Xj , αj) ∈MM⊥,K, where
K := α1(K˜
i1
X1
) = α2(K˜
i2
X2
).
For every (X,α) ∈MM⊥,K there exists an involution i : X → X such that
i∗ = α−1 ◦ ιM ◦ α
by Proposition 9.9, which is unique by Theorem 4.2. These involutions fit into
a holomorphic family (π, I) : X → MM⊥,K. Indeed, let U ⊂ MM⊥,K be a
contractible open neighbourhood of (X,α) and
πU : XU → U,
αU : (R
2π∗Z)|U → LU
be the universal family of marked manifolds defined over U . The involution
IU : XU → XU , which is defined on each fibre as above, is holomorphic since
it coincides with the universal deformation of (X, i). If U, V are two such sets,
we can glue XU and XV over U ∩ V and obtain a global family X → MM⊥,K,
since marked pairs do not admit non-trivial automorphisms by Theorem 4.2.
Moreover, the involutions IU and IV coincide over U ∩ V , and we thus obtain
a holomorphic involution I : X → X containing (X1, i1) and (X2, i2). 
Theorem 9.11. The map ρ :MM → KT(M)/ΓM induces a bijection between
deformation types of pairs of type M and KT(M)/ΓM .
Proof. By Theorem 9.10, it only remains to show surjectivity. Let K ∈ KT(M)
be a Ka¨hler-type chamber. By Lemma 9.5, the setMM⊥,K is non-empty, and by
Proposition 9.9, for any (X,α) ∈MM⊥,K there exists an involution i : X → X
with i∗ = α−1 ◦ ιM ◦α. The isometry i
∗ acts trivially on α−1(K), which implies
α−1(K) ∩ KiX = α
−1(K) ∩ KX . Since (X,α) ∈ MM⊥,K, this intersection is
non-empty, and since KiX ⊂ K˜
i
X , this shows α(K˜
i
X ) = K. 
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Example 9.12. We apply Theorem 9.11 to an example given by Ohashi–
Wandel [OW13]. Let π : S → P2 be a K3 surface which is a double plane
branched over a smooth sextic. Let i : S → S be the covering involution and
i[2] : S[2] → S[2] the natural involution. The fixed locus of i[2] contains the plane
P := {[s, i(s)] ∈ S[2] : s ∈ S} ∼= S/i ∼= P2.
The authors consider the Mukai flop f : S[2] 99K X obtained by replacing P by
the dual projective plane P ∗ = |OP (1)| and show that the induced birational
involution
j := f ◦ i[2] ◦ f−1 : X → X
is biregular. The invariant lattice of i is isometric to 〈2〉 and therefore that of
the natural involution i[2] is given by
H2(S[2],Z)i
[2]
= Zh⊕ Ze ∼= 〈2〉 ⊕ 〈−2〉,
where e is half the class of the exceptional divisor and h is the image of a primi-
tive invariant ample class on S under the natural map H2(S,Z) →֒ H2(S[2],Z).
Hence (S[2], i[2]) is of type
M := ε(〈2〉) ⊕ 〈−2〉 ⊂ L2,
where
ε : LK3 →֒ L2 = LK3 ⊕ 〈−2〉
is the natural inclusion. Ohashi and Wandel show that every pair of type M
can be deformed into (S[2], i[2]) or into (X, j).
The invariant wall divisors of (S[2], i[2]) are given by
∆i
[2]
(S[2]) = ±{e, 2h + 3e, 2h − 3e}
and divide the invariant positive cone of (S[2], i[2]) into four chambers shown in
Figure 1.
Re
Rh
K2 K1
(2h+ 3e)⊥
Figure 1. Decomposition of the invariant positive cone
By a result of Bayer–Macr`ı [BM13, Lemma 13.3], the invariant Ka¨hler cone
of S[2] is equal to K1. On the other hand, by the proof of [OW13, Cor. 2.11],
we have K2 = f
∗KjX .
Since any isometry of Zh⊕ Ze ∼= 〈2〉 ⊕ 〈−2〉 maps h to ±h and e to ±e, the
cones K1 and K2 are not isometric, and hence the pairs (S
[2], i[2]) and (X, j)
are not deformation equivalent. This answers a question from [OW13]. There
24
are exactly two deformation types of pairs of type M , one of which contains all
natural involutions.
10. Moduli spaces
By Theorem 9.11, the deformation equivalence classes of MM are given by
MM,K := {(X, i) ∈ MM : ρ(X, i) = [K]},
where [K] ∈ KT(M)/ΓM . In this section, we want to replace the period map
PM by a finer period map PM,K which maps MM,K generically injectively onto
a quasi-projective variety. For the rest of this section, we fix a representative K
of [K] and denote by Ω+
M⊥
the connected component determined by M0Ln and
K.
Definition 10.1. Let (X, i) ∈ MM,K. A marking α : H
2(X,Z)→ Ln is called
admissible for K, if it is admissible for M and furthermore satisfies α(K˜iX) = K.
By definition of MM,K, for any pair (X, i) ∈ MM,K there exists a marking
which is admissible for K. Moreover, any two such markings differ by an element
of
Γ(K) := {σ ∈ Γ(M) : σ(K) = K} ⊂ O(Ln).
Let ΓM⊥,K be the image of the restriction homomorphism Γ(K) → O(M
⊥).
Since
Γ(K) ⊂ Mon2(Ln) ⊂ O
+(Ln),
and since the image of Γ(K)→ O(M) is contained in O+(M), we have
ΓM⊥,K ⊂ O
+(M⊥),
where O+(M⊥) is the subgroup of isometries with real spinor norm +1, or
equivalently, the subgroup of isometries preserving Ω+
M⊥
.
Proposition 10.2. ΓM⊥,K is a finite index subgroup of O
+(M⊥).
Proof. By Lemma 2.1, any isometry σ ∈ O˜+(M⊥) extends to an isometry σ˜ ∈
O˜(Ln) with σ˜|M = idM ∈ O
+(M) and hence σ˜ ∈ O+(Ln). Using Lemma
3.8, this implies σ˜ ∈ Mon2(Ln) and consequently σ˜ ∈ Γ(M). Since σ˜ acts
trivially on M , we have σ˜ ∈ Γ(K) and therefore σ ∈ ΓM⊥,K. This shows that
O˜+(M⊥) ⊂ ΓM⊥,K and thus that ΓM⊥,K ⊂ O
+(M⊥) has finite index. 
As before, the quotient Ω+
M⊥
/ΓM⊥,K is a quasi-projective variety, and we
have a well-defined map
(10.1)
PM,K :MM,K → Ω
+
M⊥
/ΓM⊥,K
(X, i) 7→ [P (X,α)],
where α : H2(X,Z)→ Ln is any marking which is admissible for K.
Assume that (π, I) : X → T is a deformation of (X, i) = (π−1(0), I0). Let
U ⊂ T be a contractible open neighbourhood of 0 and α : (R2π∗Z)|U → LU
a trivialization such that α0 is admissible for K. Then for every t ∈ U the
marking αt is admissible for K, as shown in the proof of Proposition 9.3. Since
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the ordinary period map is holomorphic, by [Sch73, Thm. 3.27] this shows that
the induced map
T → Ω+
M⊥
/ΓM⊥,K
t 7→ PM,K(Xt, It)
is holomorphic.
Our goal is to show that the map PM,K is generically injective. However, we
will see in Example 10.8 that in general PM,K is not injective and MM,K does
not admit a structure as a Hausdorff moduli space. We therefore restrict to
the following class of pairs (X, i) in order to obtain a quasi-projective (and in
particular Hausdorff) moduli space.
Definition 10.3. A pair (X, i) of type M is called simple, if K˜iX = K
i
X .
Let
∆(K) := {δ ∈ ∆M (Ln) : δ
⊥ ∩ K 6= ∅}.
Since ∆(K) ⊂ ∆M(Ln), it follows from Lemma 7.7, that the collection of hy-
perplanes
{δ⊥ ⊂ Ω+
M⊥
, δ ∈ ∆(K)}
is locally finite and thus their union
D˜K :=
⋃
δ∈∆(K)
δ⊥ ⊂ Ω+
M⊥
is closed. Furthermore, D˜K is invariant under ΓM⊥,K and the quotient
DK := D˜K/ΓM⊥,K ⊂ Ω
+
M⊥
/ΓM⊥,K
is Zariski-closed. Hence
M0M,K := (Ω
+
M⊥
/ΓM⊥,K) \ (DM ∪ DK)
is a quasi-projective variety.
Proposition 10.4. Let (X, i) be of deformation type K. Then (X, i) is simple
if and only if PM,K(X, i) 6∈ DK.
Proof. Let α : H2(X,Z) → Ln be a marking which is admissible for K. If
(X, i) is not simple, then in the proof of Proposition 7.8 it was shown that there
exists a wall divisor D ∈ ∆(X) with D⊥ ∩ K˜iX 6= ∅ such that P (X,α) ∈ δ
⊥
where δ := α(D) ∈ ∆M(Ln). This shows in fact that δ ∈ ∆(K), and hence one
implication.
Conversely, assume that P (X,α) ∈ δ⊥, where δ ∈ ∆(K). Then the class
D := α−1(δ) ∈ ∆(X) is a wall divisor with D⊥ ∩ K˜iX 6= ∅, which implies that
(X, i) is not simple. 
Theorem 10.5. M0M,K is a coarse moduli space for simple pairs of type M
and of deformation type [K].
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Proof. Let η ∈ Ω0
M⊥
= Ω+
M⊥
\ D˜M . By Lemma 9.5 there exists a marked pair
(X,α) ∈ MM⊥,K with P (X,α) = η, and by Proposition 9.9, there exists a
non-symplectic involution i : X → X with i∗ = α−1 ◦ ιM ◦ α. In the proof of
Theorem 9.11 it was shown that α(K˜iX ) = K. Together with Proposition 10.4,
this shows that the period map PM,K restricts to a surjective map
PM,K : {(X, i) ∈MM,K : (X, i) is simple} →M
0
M,K.
It remains to show that this map is injective. Assume that (X1, i1), (X2, i2) are
two simple pairs with PM,K(X1, i1) = PM,K(X2, i2). Let
αj : H
2(Xj ,Z)→ Ln, j = 1, 2
be markings that are admissible for K. By assumption, there exists an isometry
τ ∈ Γ(K) such that τ(P0(X2, α2)) = P0(X1, α1). This means, that
g := α−11 ◦ τ ◦ α2 : H
2(X2,Z)→ H
2(X1,Z)
is a Hodge isometry. Since (X1, α1), (X2, α2) ∈M
0
Ln
and τ ∈ Mon2(Ln), it is a
parallel transport operator. Furthermore, we have
g(Ki2X2) = g(K˜
i2
X2
) = K˜i1X1 = K
i1
X1
.
Since the invariant Ka¨hler cones are non-empty, g maps a Ka¨hler class to a
Ka¨hler class, and by the Global Torelli theorem, there exists an isomorphism
f : X1 → X2 with f
∗ = g. Moreover,
(i2 ◦ f)
∗ = f∗ ◦ i∗2 = α
−1
1 ◦ τ ◦ α2 ◦ i
∗
2 = α
−1
1 ◦ τ ◦ ιM ◦ α2
= α−11 ◦ ιM ◦ τ ◦ α2 = i
∗
1 ◦ α
−1
1 ◦ τ ◦ α2 = i
∗
1 ◦ f
∗
= (f ◦ i1)
∗,
which by Theorem 4.2 implies that i2 ◦ f = f ◦ i1 and hence that
f : (X1, i1) ∼−−→ (X2, i2). 
We will now describe the pairs (X, i) that are not unique in their fibre with
respect to PM,K.
Definition 10.6. Two non-isomorphic pairs (X, i) and (X˜, i˜) are called insep-
arable, if their universal deformations
(π, I) : X → Def(X, i), (π˜, I˜) : X˜ → Def(X˜, i˜)
(considered as germs) contain isomorphic fibres.
Proposition 10.7. Suppose that (X1, i1) and (X2, i2) are two non-isomorphic
pairs of type M and deformation type K with
PM,K(X1, i1) = PM,K(X2, i2).
Then (X1, i1) and (X2, i2) are inseparable.
Proof. By the assumption PM,K(X1, i1) = PM,K(X2, i2), there exist admissible
markings α1 : H
2(X1,Z)→ Ln and α2 : H
2(X2,Z)→ Ln with
η := P0(X1, α1) = P0(X2, α2).
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These induce embeddings
Def(X1, i1), Def(X2, i2) ⊂ ΩM⊥, j = 1, 2
as open neighbourhoods of η. Let η′ be any point inside the open subset
(Def(X1, i1) ∩Def(X2, i2)) \ D˜K.
By Theorem 10.5, there is a unique pair (X ′, i′) which is in the fibre over η′ in
the universal deformation of both (X1, i1) and (X2, i2). 
We will now consider an example where KiX is strictly smaller than K˜
i
X , and
the chambers of K˜iX correspond to the invariant Ka¨hler cones of inseparable
birational models.
Example 10.8. Let n = 2 and e1, e2 and f1, f2 be standard bases for the
first two hyperbolic planes of L2 = 3U ⊕ 2E8(−1)⊕ Ze, where (e, e) = −2. We
consider the involution acting by ιM (ei) = fi on 2U and as −1 on its orthogonal
complement U ⊕ 2E8(−1)⊕ Ze. Then the invariant lattice and the coinvariant
lattice are given by
M = Z(e1 + f1) + Z(e2 + f2) ∼= U(2)
M⊥ = (Z(e1 − f1) + Z(e2 − f2))⊕ U ⊕ 2E8(−1)⊕ Ze
∼= U(2)⊕ U ⊕ 2E8(−1)⊕ 〈−2〉.
Let δ := 2e1−2e2+e. We have (δ, δ) = −10, (δ, L2) = 2Z and hence δ ∈ ∆(L2).
Moreover, we can write δ = δM + δM⊥ with
δM = e1 + f1 − e2 − f2 ∈M
δM⊥ = e1 − f1 − e2 + f2 + e ∈M
⊥.
Since (δM , δM ) = −4 < 0 and (δM⊥ , δM⊥) = −6 < 0, we have δ ∈ ∆M(L2). By
Lemma 7.6, the intersection ΩM⊥ ∩ δ
⊥ is non-empty and for a generic period
point η ∈ δ⊥ ⊂ ΩM⊥ , we have
L2 ∩ η
⊥ =M + Zδ =M ⊕ ZδM⊥
∼= U(2)⊕ 〈−6〉
and in particular η 6∈ DM .
Using the surjectivity of the period map, let (X˜, α˜) ∈ M0L2 be a marked
manifold of K3[2]-type with P (X˜, α˜) = η. Let CM ⊂ C˜M be the connected
component which is contained in α˜(C
X˜
), and let C1, C2 be the chambers of CM
which are separated by δ⊥. The fact that η 6∈ DM implies that α˜
−1(CM ) and
hence α˜−1(Cj), j = 1, 2 intersect Ka¨hler-type chambers of X˜ (for details, see
the proof of Lemma 9.5). By definition of Ka¨hler-type chamber, there exist two
marked manifolds (X1, α1), (X2, α2) ∈M
0
L2
with P (Xj , αi) = η and
∅ 6= αj(KXj ) ∩MR ⊂ Cj .
(In fact, one can see that equality holds, but we do not need this.) Since
M ∼= U(2) does not contain elements of length −2 or −10, the cone K := CM is a
Ka¨hler-type chamber of M and (Xj , αj) ∈MM⊥,K for j = 1, 2. By Proposition
9.9, for j = 1, 2 there exist non-symplectic involutions ij : Xj → Xj such
that (Xj , ij) ∈ MM,K and PM,K(Xj , ij) = [η]. We will now show that (X1, i1)
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R(e1 + f1)
R(e2 + f2)
δ⊥ = δ⊥M ⊂MR
C1
C2
Figure 2. Decomposition of the cone CM
and (X2, i2) are not isomorphic. Proposition 10.7 then shows that (X1, i1) and
(X2, i2) are inseparable.
Assume that f : (X1, i1)→ (X2, i2) is an isomorphism and consider
ψ := α1 ◦ f
∗ ◦ α−12 : L2 → L2.
We have ψ ∈ Γ(M) and denote by ψM ∈ O(M) and ψM⊥ ∈ O(M
⊥) its restric-
tions. Since η is generic and f∗ is a Hodge isometry, we have ψM⊥ = ± idM⊥ and
in particular ψ ∈ O˜(M⊥). By Proposition 2.3, the isomorphism γ : HM → HM⊥
conjugates ψM⊥ |HM⊥ to ψM |HM . On the other hand, since f
∗ maps an invariant
Ka¨hler class to an invariant Ka¨hler class, we have ψM (C1) = C2, and therefore
ψM acts non-trivially on HM = AM , which gives a contradiction.
Note that K
ij
Xj
⊂ α−1j (Cj) ( α
−1
j (CM ) = K˜
ij
Xj
, j = 1, 2, which means that
(Xj , ij) is not simple.
The following example shows that the groups ΓM⊥,K can be different for
different deformation classes MM,K of MM .
Example 10.9. We again consider a double plane π : S → P2, this time
branched over a sextic curve C ⊂ P2 with two nodes Q,Q′ ∈ C. Let i : S → S
be the covering involution and i[2] : S[2] → S[2] the natural involution. The
invariant lattice of i is generated by the class c of a genus 2 curve which is the
pullback of a line, and the classes d, d′ of the exceptional divisors obtained by
blowing up Q and Q′. Therefore, the invariant lattice of the natural involution
is given by
H2(S[2],Z)i
[2]
= Zc⊕ Zd⊕ Zd′ ⊕ Ze
∼= 〈2〉 ⊕ 〈−2〉 ⊕ 〈−2〉 ⊕ 〈−2〉,
where e is half the class of the exceptional divisor on S[2], and H2(S,Z) is
identified with its image in H2(S[2],Z). Hence (S[2], i[2]) is of type M , where
M := ε(〈2〉 ⊕ 〈−2〉 ⊕ 〈−2〉) ⊕ 〈−2〉 ⊂ L2
and
ε : LK3 →֒ L2 = LK3 ⊕ 〈−2〉
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is the natural inclusion. We will implicitly identify H2(S[2],Z)i
[2]
with M . Con-
sider the set
∆ := {d, d′, e, c− d− d′, c− d− e, c− d′ − e}
of −2-classes. The polyhedron
P := {x ∈ CM : (δ, x) ≥ 0 for every δ ∈ ∆}/R>0
is the convex hull of
p0 = c, p1 = c− d, p
′
1 = c− d
′, p2 = c− e, p3 = 2c− d− d
′ − e.
The only non-trivial isometry σ ∈ ΓM preserving P is the involution given by
d 7→ d′. Indeed, such an isometry acts on the set of pi, which are uniquely
determined as primitive integral representatives of the vertices of P . We have
(p0, p0) = (p3, p3) = 2 and (p1, p1) = (p
′
1, p
′
1) = (p2, p2) = 0. Since σ extends to
L2, we have σ(e+ 2M) = e+ 2M , which shows the claim.
For a −2-class δ ∈M let rδ ∈ O˜
+(M) be the reflection in the hyperplane δ⊥
defined by rδ(x) = x + (x, δ)δ. Since there is no stable isometry preserving P ,
there is no δ ∈ M with (δ, δ) = −2 such that δ⊥ meets the interior of P . By
[VS93, Thm. 1.2], the polyhedron P is a fundamental domain for the action of
the reflection group 〈rδ : δ ∈ ∆〉 ⊂ O˜
+(M) ⊂ ΓM on CM/R>0.
In order to determine KT(M)/ΓM it therefore suffices to consider elements
δ ∈ M with (δ, δ) = −10 and (δ, L2) = 2Z such that that the hyperplane δ
⊥
meets the interior of P . We can assume that (δ, c) ≥ 0 and that there exists a
p ∈ {p1, p
′
1, p2, p3} with (δ, p) < 0. A simple calculation shows that
δ ∈ {±(2d− e), ±(2d′ − e), 2c− 3e, 2c− 2d− 2d′ − e}.
The corresponding hyperplanes divide P into six polyhedra with vertices
P1 = {p0, q1, q
′
1, q2, q3}, P2 = {p2, q1, q
′
1, q2, q3}, P3 = {p0, p1, q1, q2},
P ′3 = {p0, p
′
1, q
′
1, q2}, P4 = {p0, p1, p
′
1, q2}, P5 = {p1, p
′
1, p3, q2},
where
q1 = 3c− d− 2e, q
′
1 = 3c− d
′ − 2e, q2 = 3c− d− d
′ − 2e, q3 = 3c− 2e.
We call two such polyhedra adjacent, if they have a common face δ⊥ for some
−10-class δ.
P2 P1
P3
P ′3
P4 P5
Figure 3. Adjacency of Ka¨hler-type chambers
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The involution σ maps P3 to P
′
3 and fixes the other Pi. Hence the moduli
space of simple pairs of type M consists of four components which are Zariski-
open subsets
M0M,Pi ⊂ Ω
+
M⊥
/Γ+
M⊥
, i 6= 3
and one component
M0M,P3 ⊂ Ω
+
M⊥
/O˜+(M⊥).
Moreover, O˜+(M⊥) ⊂ Γ+
M⊥
is an index 2 subgroup and the projection map
Ω+
M⊥
/O˜+(M⊥)→ Ω+
M⊥
/Γ+
M⊥
is a (branched) double cover.
We now want to interpret this double cover geometrically. By [BM13, Lemma
13.3], the invariant Ka¨hler cone of S[2] corresponds to the polyhedron P1, which
is adjacent to P2, P3 and P
′
3. On the other hand, the fixed locus of i
[2] contains
three planes:
(i) the symmetric products D(2), (D′)(2) ∼= (P1)(2) ∼= P2, where D,D′ ⊂ S
are the exceptional divisors of the blow-ups of Q,Q′,
(ii) the closure of {[s, i(s)] ∈ S[2] : s ∈ S \ Si}, which is isomorphic to
S/i ∼= P2.
The fact that the planes are contained in the fixed locus implies that the in-
duced involutions on the corresponding flops X,X ′, Y are biregular (see [OW13,
Cor. 2.11]). Since a flop corresponds to a reflection in a −10-wall [MW14, Rem.
5.2], the invariant Ka¨hler cones of the flops X and X ′ correspond to P3 and P
′
3,
and that of Y to P2.
As in Example 10.8 one can show that (X, j) and (X ′, j′) are not isomorphic
for the generic choice of the curve C ⊂ P2. On the other hand, a deformation
of C ⊂ P2 into itself, such that the two nodes remain nodes and Q and Q′ are
exchanged, induces a deformation of the flops which deforms (X, j) into (X ′, j′).
Acknowledgment. I am grateful to my advisor Klaus Hulek for many helpful
discussions.
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